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Abstract
In this paper, for a topological space X and any positive integer n, we de-
fine the cardinal functions sLθ(n)(X), θ(n)-quasi-Menger number qMθ(n)(X)
and s(n)-quasi-Menger number qMs(n)(X). We prove the following state-
ments:
• For every S(2n)-space X , |X| ≤ 2sLθ(n)(X)κθ(n)(X).
• For every S(2n)-space X , |X| ≤ 2qMθ(n)(X)κθ(n)(X).
• For every S(2n)-space X , |X| ≤ 2qMs(n)(X)κθ(n)(X).
Similar results are stated for S(2n− 1)-spaces.
Keywords: Cardinal function, S(n)-space, θn-closure, S(n)-θ-closed,
quasi-Menger number
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1. Introduction
In 1966 Velichko [29] introduced the notion of θ-closedness. For a subset
M of a topological space X the θ-closure is defined by clθM = {x ∈ X : every
closed neighborhood of xmeetsM},M is θ-closed if clθM =M . This concept
was used by many authors for the study of Hausdorff nonregular spaces
[9, 11, 13, 14, 27, 28] and [16-23]. The S(n)-spaces were introduced by Viglino
in 1969 (see [30]) under the name T n-spaces. After that S(n)-spaces, S(n)-
closed and S(n)-minimal spaces were studied by other authors. For example,
Porter in 1969 (see [25]) studied minimal R(ω0) spaces, where he used the
notation R(n) for S(2n− 1)-spaces and U(n) for S(2n)-spaces. For the first
time the notation S(n) for S(n)-spaces appeared in 1973 in [27] where the
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authors extended the definition of S(n)-spaces to S(α)-spaces, where α is any
ordinal. In that paper Porter and Votaw, among other results, characterized
the minimal S(α) and S(α)-closed spaces. In paper [9] Dikranjan and Giuli
introduced more general notion θn-closure operator and characterized the
S(n)-θ-closed spaces.
In this paper we continue to study properties of S(n)-spaces by applying
the notions of θn-closure operators.
In Section 3 we introduce new cardinal functions: sLθ(n)(X), θ(n)-quasi-
Menger number qMθ(n)(X) and s(n)-quasi-Menger number qMs(n)(X) in or-
der to extend some known cardinality bounds for Hausdorff and Urysohn
spaces in the case of S(n)-spaces [5-8]. In particular we prove the following:
• For every S(2n)-space X , |X| ≤ 2sLθ(n)(X)κθ(n)(X) (Theorem 3.6). For
n = 1 we have Theorem 1 in [2].
• For every S(2n)-space X , |X| ≤ 2qMθ(n)(X)κθ(n)(X) (Theorem 3.9). For
n = 1 we have Theorem 3 in [2].
• For every S(2n)-space X , |X| ≤ 2qMs(n)(X)κθ(n)(X) (Theorem 3.21).
2. Main definitions and notation
Definition 2.1. ([9]). Suppose that X is a topological space, M ⊂ X ,
and x ∈ X . For each n ∈ N, the θn-closure operator is defined as follows:
x /∈ clθnM if there exists a set of open neighborhoods U1 ⊂ U2 ⊂ ...Un of the
point x such that clUi ⊂ Ui+1 for i = 1, 2, ..., n− 1 and clUn ∩M = ∅. For
n = 0, we put clθ0M = clM .
For n = 1, this definition gives the θ-closure operator defined by Velichko
([29]).
A set M is said to be θn-closed if M = clθnM . Similarly the θ
n-interior
of M is defined and denoted by IntθnM , so IntθnM = X \ clθn(X \M).
For any n ∈ N, a point x ∈ X is S(n)-separated from a subset M if
x /∈ clθnM . For example, x is S(0)-separated from M if x /∈ M . For n > 0
the relation ’being S(n)-separated’ between points is symmetric. On the
other hand ’being S(0)-separated’ can be highly nonsymmetric in non- T1
spaces. This is why we say that two points x and y are S(0)-separated if
x /∈ {y} and y /∈ {x}. Since we are going to consider here only T1-spaces, for
us the S(0)-spaces will be exactly the T1-spaces.
Definition 2.2. ([9]). Let n be a positive integer and X be a space.
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• X is an S(n)-space (or X satisfies the S(n) separation axiom) if any
two different points in X are S(n)-separated;
• an open cover {Uα} of X is an S(n)-cover if every point of X is in the
θn-interior of some Uα.
The S(n)-spaces coincide with the T n-spaces defined in [30] and studied
further in [27], where S(α)-spaces are defined for each ordinal α (see also
[26]). The open covers with an n− 1 chain of shrinkable refinements (S(n)-
cover in Dikranjan and Giuli’s terminology) were defined in [27].
Obviously, any S(0)-space is T0, any S(1)-space is Hausdorff, and any
S(2)-space is Urysohn.
In the class of topological S(n)-spaces, S(n)-closed (S(n)-θ-closed) spaces
are defined as S(n)-spaces which are closed (respectively, θ-closed) in any
ambient S(n)-space.
Definition 2.3. ([20]). An open set U is called an n-hull of a set A if
there exists a family of open sets U1, U2, ..., Un = U such that A ⊆ U1 and
clUi ⊆ Ui+1 for i = 1, ..., n− 1.
By a closed n-hull of a set A we mean the closure of any n-hull of A.
All necessary definitions related to S(n)-spaces can be found in [9, 20, 22,
23, 27, 28].
3. On cardinality bounds for S(n)-spaces
A.V. Arhangel’skii introduced the relative cardinal function sl(Y,X) (see
[4], p.324). When Y = X we have sl(X,X) = wLc(X), where wLc(X) is the
weak Lindelo¨f degree of X with respect to closed sets. The name and the
notation wLc(X) come from a paper by O. Alas from 1993 (see [1]) but the
same cardinal function (quasi-Lindelo¨f degree of X) denoted by ql(X) was
studied by Arhangel’skii in 1979 ([3]).
The weak Lindelo¨f degree of X with respect to closed sets (quasi-Lindelo¨f
degree of X), denoted below as wLc(X), is the smallest infinite cardinal κ
such that for every closed subset H of X and every collection V of open sets
in X that covers H , there is a subcollection V0 of V such that |V0| ≤ κ and
H ⊆
⋃
V0. In 1979, Arhangel’skii showed that if X is a regular space, then
|X| ≤ 2χ(X)wLc(X) (see [3, 15]). Later, in 1993, Alas extended this result to
the class of Urysohn spaces ([1, 15]).
O.T. Alas and Lj.D.R. Kocˇinac introduced the following definition.
3
Definition 3.1. ([2]) For a space X , sLθ(X) is the smallest cardinal κ such
that if A ⊂ X , U is an open collection and clθ(A) ⊂
⋃
U , then there is V ⊂ U
with |V| ≤ κ and A ⊂
⋃
V .
It is immediate that sLθ(X) ≤ sL(X) for every space X .
Definition 3.2. ([2]) For a Hausdorff space X , let κ(X) be the smallest
cardinal κ such that for each point x ∈ X , there is a collection Vx of closed
neighborhoods of x so that |Vx| ≤ κ and if W is a closed neighborhood of x,
then W contains a member of Vx.
Note that κ(X) ≤ χ(X) and κ(X) = χ(Xs) where Xs is the semiregular-
ization of X .
It was shown in ([2], Theorem 1) that |X| ≤ 2sLθ(X)κ(X) whenever X is a
Urysohn space.
We introduce the following definitions.
Definition 3.3. For a space X and n ∈ N, sLθ(n)(X) is the smallest cardinal
κ such that if A ⊂ X , U is an open collection and clθn(A) ⊂
⋃
U , then there
is V ⊂ U with |V| ≤ κ and A ⊂
⋃
V .
It is immediate that sLθ(n)(X) ≤ sLθ(n−1)(X) ≤ ... ≤ sLθ(X) ≤ sL(X)
for every space X .
Definition 3.4. For a space X and n ∈ N, let κθ(n)(X) be the smallest
cardinal κ such that for each point x ∈ X , there is a collection Vx of closed
n-hulls of x so that |Vx| ≤ κ and ifW is a closed n-hull of x, thenW contains
a member of Vx.
We need the following lemma.
Lemma 3.5. For a subset A of an S(2n)-space X, |clθnA| ≤ |A|
κθ(n)(X).
Proof. Let κ = κθ(n)(X) and µ = |A|. Consider for each point x ∈ X , a
collection Vx of closed n-hulls of x so that |Vx| ≤ κ and if W is a closed
n-hull of x, then W contains a member of Vx.
For each point x ∈ clθnA and each V ∈ Vx we fix a point xV ∈ A ∩ V .
Consider the set Ax :=
⋃
{xV : V ∈ Vx}. It is clear that |Ax| ≤ κ and
Ax ⊆ A for each x ∈ clθnA. Let Γx be the family {V ∩ Ax : V ∈ Vx}.
Since x ∈ V ∩ clθnAx and moreover
⋂
V ∈Vx
V ∩ clθnAx ⊂
⋂
V ∈Vx
V ⊂ {x} by the
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fact that X is an S(2n)-space, we have
⋂
V ∈Vx
V ∩ clθnAx = {x}. This implies
that the correspondence x → Γx defines a one to one map from clθnA into
expκ(expκ(A)). As |expκ(expκ(A))| ≤ (µ
κ)κ = µκ we have |clθnA| ≤ µ
κ =
|A|κθ(n)(X).
Theorem 3.6. For every S(2n)-space X, |X| ≤ 2sLθ(n)(X)κθ(n)(X).
Proof. Applying the well-known method of Pol-Sˇapirovskii-Arhangel’skii-
Grizlov [4, 12, 24], let τ = sLθ(n)(X)κθ(n)(X) and for each x ∈ X let Bx
be a collection of closed n-hulls of x such that |Bx| ≤ τ and every closed
n-hull W of x contains a member of Bx.
We shall define an increasing sequence {Aα : α ∈ τ
+} of subsets of X and
a sequence {Uα : α ∈ τ
+} of collections of open subsets of X such that:
(1) |Aα| ≤ 2
τ for every α < τ+ and Aα ⊃ clθn(
⋃
β<αAβ) for every α < τ
+;
(2) Uα = {Int(M) :M ∈
⋃
{Bx : x ∈ clθn(
⋃
β<αAβ)}} for every α < τ
+;
(3) If V ∈ [Uα]
≤τ and
⋃
V 6= X , then Aα+1 \
⋃
V 6= ∅ for every α < τ+.
Suppose that the sets Aβ and Uβ , satisfying (1)-(3), have been defined for
all β < α < τ+ and let us define Aα and Uα.
Note that it follows from Lemma 3.5 that |clθn(
⋃
β<αAβ)| ≤ |(
⋃
β<αAβ)|
κθ(n)(X)
and therefore |clθn(
⋃
β<αAβ)| ≤ 2
τ .
For each V ∈ [Uα]
≤τ such that X \
⋃
V 6= ∅, fix a point xV ∈ X \
⋃
V .
Let Aα = clθn({xV : V ∈ [Uα]
≤τ , X \
⋃
V 6= ∅} ∪
⋃
β<αAβ). Then |Aα| ≤ 2
τ .
Finally, let A =
⋃
{Aα : α < τ
+}. Then clθn(A) = A. Indeed, let y ∈ X
so that the closure of each n-hull of y intersects A; then for each F ∈ By
there is αF ≤ τ
+ so that F ∩ AαF 6= ∅. Since |{αF : F ∈ By}| ≤ τ , there is
ψ < τ+, so that ψ > αF for every F ∈ By and y ∈ clθn(Aψ) ⊆ A.
Now it is enough to show that A = X . On the contrary, assume that
there is y ∈ X \ A. Since clθn(A) = A there is W ∈ By so that W ∩ A = ∅.
SinceW is a closed n-hull of y, there exists a family of open sets U1, U2, ..., Un
such that y ∈ U1, Ui ⊆ Ui+1 for i = 1, ..., n−1 andW = Un. Let V1 = X \W ,
V2 = X \ Un−1, ..., Vn = X \ U1. Then Vn is an open n-hull of A (hence it
is an open n-hull for each point x ∈ A) and Vn ∩ U1 = ∅. For each x ∈ A
choose a closed n-hull Dx ∈ Bx so that Dx ⊂ Vn.
Since {Int(Dx) : x ∈ A} is an open cover of A = clθn(A), there is B ⊂ A,
so that |B| ≤ sLθ(n)(X) ≤ τ and A ⊂
⋃
x∈B
Int(Dx). Since |B| ≤ τ , there is
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β < τ+ so that B ⊂ Aβ and V = {Int(Dx) : x ∈ B} is a convenient collection
of open sets with cardinality ≤ τ which appears at the step β + 1. Hence,
Aβ+1 \
⋃
V 6= ∅ and we have a contradiction with A ⊂
⋃
x∈B
Int(Dx).
Corollary 3.7. (Theorem 1 in [2]) For every Urysohn space X , |X| ≤
2sLθ(X)κθ(X).
Definition 3.8. (see [2] for n = 1) For a space X , the θ(n)-quasi-Menger
number qMθ(n)(X) is the smallest cardinal number κ such that for every
closed subset A of X and every collection {Uα : α ≤ κ} of families of open
subsets of X with A ⊂
⋃
α<κ(
⋃
Uα), there are finite subfamilies Vα of Uα,
α < κ, such that A ⊂
⋃
α<κ clθn(
⋃
Vα).
It is immediate that qMθ(n)(X) ≤ qMθ(n−1)(X) ≤ ... ≤ qMθ(1)(X) =
qMθ(X) for every space X .
Theorem 3.9. For every S(2n)-space X, |X| ≤ 2qMθ(n)(X)κθ(n)(X).
Proof. Let κ = qMθ(n)(X)κθ(n)(X) and for each x ∈ X let Bx be a collection
of closed n-hulls of x such that |Bx| ≤ κ and every closed n-hull of x contains
a member of Bx. We shall define an increasing sequence {Fα : α ∈ κ
+} of
subsets of X and a sequence {Uα : α ∈ κ
+} of collections of open subsets of
X satisfying the following conditions:
(1) |Fα| ≤ 2
κ for every α < κ+;
(2) Uα = {Int(M) :M ∈
⋃
{Bx : x ∈ clθn(
⋃
β<α Fβ)}} for every α < κ
+;
(3) If V ∈ [Uα]
≤κ and
⋃
V 6= X , then Fα \
⋃
V 6= ∅ for every α < κ+.
Suppose α < κ+ and the sets Fβ and Uβ satisfying (1)-(3) are already
defined for all β < α. Let us define Fα and Uα.
Put Mα = clθn(
⋃
β<α Fβ). By Lemma 3.5, |Mα| ≤ 2
κ, hence, |Uα| ≤ 2
κ.
For every V ∈ [Uα]
≤κ such that
⋃
V 6= X take a point xV ∈ X \
⋃
V and
define Fα := clθn({xV : V ∈ [Uα]
≤κ, X\
⋃
V 6= ∅}∪
⋃
β<α Fβ). Then |Fα| ≤ 2
κ.
Let F =
⋃
{Fα : α < κ
+}. Then |F | ≤ 2κ. We claim that clθn(F ) = X .
First, we show that clθn(F ) =
⋃
α<κ+ clθn(Fα). Let x ∈ clθn(F ). The closure
of every n-hull of x intersects F , so that for each B ∈ Bx one can find
some αB < κ
+ for which B ∩ FαB 6= ∅. Since κ
+ is a regular cardinal and
|{αB : B ∈ Bx}| ≤ κ, there exists β < κ
+ such that β > αB for every B ∈ Bx
and x ∈ clθn(Fβ) ⊆ F .
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We claim that clθn(F ) = F . Suppose there is y ∈ X \ clθn(F ). Let
By = {By(α) : α < κ}. For each α < κ let Wα be the collection of all
members W ∈
⋃
{Bx : x ∈ clθn(F )} such that By(α) ∩ W = ∅. Since X
is an S(2n)-space, clθn(F ) ⊂
⋃
α<κ
⋃
{Int(W ) : W ∈ Wα}. As clθn(F ) is
θn-closed, one can choose Vα ∈ [Wα]
<ω for each α ∈ κ such that clθn(F ) ⊂⋃
α<κ clθn(
⋃
{Int(V ) : V ∈ Vα}). Clearly, for every α < κ,
⋃
{Int(V ) : V ∈
Vα} ∩ By(α) = ∅, hence, y /∈ clθn(
⋃
{Int(V ) : V ∈ Vα}). This means y /∈⋃
α<κ clθn(
⋃
{Int(V ) : V ∈ Vα}). There is a β < κ
+ such that all Vα, α < κ,
are contained in Uβ. Then by (3), Fβ+1\
⋃
α<κ clθn(
⋃
{Int(V ) : V ∈ Vα}) 6= ∅
which is a contradiction.
Corollary 3.10. (Theorem 3 in [2]) For every Urysohn space X , |X| ≤
2qMθ(X)κθ(X).
Remark 3.11. Similarly, we can define the θn0 -closure operator and obtain
similar cardinality bounds for S(2n− 1)-spaces.
Definition 3.12. Suppose thatX is a topological space,M ⊂ X , and x ∈ X .
For each n ∈ N, the θn0 -closure operator is defined as follows: x /∈ clθn0M if
there exists a set of open neighborhoods U1 ⊂ U2 ⊂ ...Un of the point x such
that clUi ⊂ Ui+1 for i = 1, 2, ..., n− 1 and Un
⋂
M = ∅.
Definition 3.13. For a space X and n ∈ N, sLθ0(n)(X) is the smallest
cardinal κ such that if A is a θn0 -closed subset of X and U is an open cover
of A, then there is V ⊂ U with |V| ≤ κ and A ⊂
⋃
V.
Definition 3.14. For a space X and n ∈ N, let κθ0(n)(X) be the smallest
cardinal κ such that for each point x ∈ X , there is a collection Vx of n-hulls
of x so that |Vx| ≤ κ and if W is a n-hull of x, then W contains a member
of Vx.
Lemma 3.15. For a subset A of an S(2n−1)-space X, |clθn0A| ≤ |A|
κθ0(n)(X).
Theorem 3.16. If X is an S(2n− 1)-space, then |X| ≤ 2sLθ0(n)(X)κθ0(n)(X).
Definition 3.17. For a space X , the θ0(n)-quasi-Menger number qMθ0(n)(X)
is the smallest cardinal number κ such that for every closed subset A of X
and every collection {Uα : α ≤ κ} of families of open subsets of X with
A ⊂
⋃
α<κ(
⋃
Uα), there are finite subfamilies Vα of Uα, α < κ, such that
A ⊂
⋃
α<κ clθn0 (
⋃
Vα).
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Theorem 3.18. For every S(2n− 1)-space X, |X| ≤ 2qMθ0(n)(X)κθ0(n)(X).
In [28], L. Stramaccia defined the notion of S(n)-set.
Definition 3.19. ([28]) Let X be a topological space and M be a subset of
X .
• A cover U = {Uα : α ∈ Λ} of M by open sets of X , is an S(n)-cover
with respect to M , if M ⊂
⋃
{IntθnUα : α ∈ Λ}.
•M is an S(n)-set of X if every S(n)-cover with respect toM has a finite
subcover.
Definition 3.20. For a spaceX and n ∈ N, sLs(n)(X) is the smallest cardinal
κ such that if A is a θn-closed subset ofX and U is an S(n)-cover with respect
to A, then there is V ⊂ U with |V| ≤ κ and A ⊂
⋃
V.
Note that sLs(n)(X) ≤ sLθ(n)(X) for every n ∈ N.
Theorem 3.21. For every S(2n)-space X, |X| ≤ 2sLs(n)(X)κθ(n)(X).
Proof. Note that in the proof of Theorem 3.6, {Int(Dx) : x ∈ A} is an
S(n)-cover with respect to A and A = clθn(A), hence, in the same way as in
Theorem 3.6, we obtain a complete proof.
In paper [11], for a topological space X and n ∈ N, Gotchev and Kocˇinac
define the interesting cardinal functions dn(X) and btn(X), called respec-
tively S(n)-density and S(n)-bitightness, and using them authors prove two
representative results: if X is an S(n)-space, then |X| ≤ 22
dn(X)
and |X| ≤
[dn(X)]
btn(X).
Remark 3.22. In paper [11], the authors use the notation χ2n(X) instead
of the author’s κθ(n)(X) and χ2n−1(X) instead of the author’s κθ0(n)(X) (see
Definition 2.7 (b) and (c) in [11]).
The paper [10] also contains some results about cardinal inequalities for
S(n)-spaces, extending some classical results of Hajnal and Juha´sz, and
Schro¨der.
Acknowledgment. I should like to Thanks to the anonymous referee
who read carefully the manuscript and helped my to simplify and improve
the presentation of results of the paper.
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